CURVATURE AS A DIFFERENTIAL 2-FORM WITH VALUES IN
THE ENDOMORPHISMS OF A VECTOR BUNDLE

Problem:
(from a lecture on Differential Geometry by K. Mohnke / N. Roy)

In an abstract setting, a generalization of Riemannian Curvature can be under-
stood as a differential 2-Form with values in the endomorphisms of a vector bundle:
Let V¥be a covariant derivative on a vector bundle E over a manifold M and
let F € Q*(M,end(E)) be its curvature form. V¥ induces a covariant derivative
vend(E) on the vector bundle end(F). This induces an exterior covariant derivative

D QOF (M, end(E)) — Q1 (M, end(E)).

Prove the second Bianchi identity D"*F = 0 by using Cartan’s formula and

F(X, Y)CT =VxVyo—-VyVxo — v[X,Y]J

Solution:

As a first step, apply Cartan’s formula to (D" F(X,Y, Z)):
(DF(X,Y,Z))o (VLIF(Y,Z) = VI F(X, Z) + VFF(X,Y)
—F(X,Y],2) + F(X,Z],Y) = F([Y, Z], X))o
= VIF(Y,Z)o — VIF(X, Z)o + VIR (X,Y)o
—F([X,Y],Z)c+ F([X,Z],Y)o — F([Y, Z], X)o

Then recall the “characteristic property” of the covariant derivative on end(F):

VE(F(Y,2)0) = (VYIF(Y,2))o+ F(Y,Z)V5o,
thus

(VRF(Y, 2))o = VR(E(Y, 2)o) = F(Y, 2) V%0
This leads to:

(DF(X,Y,Z))o = (VX(F(Y,Z)o)— F(Y,Z)VXo) — (VY (F(X,Z)o) — F(X, Z)V{o)
+HVE(F(X,Y)o) - F(X,Y)VEe)
—F([X,Y],Z)o + F([X,Z],Y)o — F(]Y, Z], X))o
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Now apply formula (1) several times:

(DF(X,Y,Z))o = VX(V§V50—V5Vio—Vh 40) = F(Y,Z2)Vio
—VY(VRVZ0 — VYYo= Vix z0) + F(X, Z)Vyo
+VZ(VEVYo — V§VEo — Vikyi0) — F(X,Y)Vo
Vi V%0 + V5V y10 + Vi y)20
+Vik VYo = ViV 20 = Viix z1v10
V. VR0 + VEVE 40+ Vi 2 510

= ()7

when observing that one can use the “Jacobi-identity”

Vitxy1.217 = Viix.z1.x17 T Vijv.21.x)0

vﬁX,Y],Z]J + vﬁZ,X],Y]J + vﬁY,Z],X]O— = 0

and realizing that everything else cancels also, because
[ ]

ViVyV5o —ViVEVio - VixyVi0 = F(X,Y)Vio

—VEVEVYo + VEVEVYo + Vix 4 Vyo = —F(X, Z)Vyo

VYV5VEo - V5EVEVEe -V ;) Vio = F(Y, Z)V5o

This finishes the proof of D" F = (.



